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We investigate the up-conversion process of broadband light from parametric down-conversion
(PDC), focusing on the spatio-temporal spectral properties of the sum-frequency generated (SFG)
radiation. We demonstrate that the incoherent component of the SFG spectrum is characterized
by a skewed cigar-shaped geometry in space-time due to the compensation of spatial walk-off and
group-velocity mismatch between the fundamental and the generated SFG fields. The results are
illustrated both by a theoretical modeling of the optical system and by experimental measurements.
Introduction
The process of sum frequency generation occurring in a χ(2) crystal has often been used in ultra-fast nonlinear optics
experiments for probing the spatio-temporal structure of femtosecond pulses. In particular, the three-dimensional
mapping of ultrashort complex pulses [1, 2] and the observation of the spatio-temporal dynamics of Kerr media
filamentation [3] has been obtained with this method.
Recent works [4–8] have shown that sum-frequency generation represents also a resource for exploring and manip-
ulating the entanglement properties of a broadband PDC source, as well as for applications in quantum information
processing. For example, spectrally engineered SFG has been proposed as a tool for selecting broadband quantum
modes (Schmidt modes) from the ultra-fast multi-mode state generated by PPLN waveguides [9].
Recently our research group applied the SFG technique for investigating the whole spatio-temporal structure of
the PDC biphoton correlation [10–12] in order to reveal its nontrivial geometry in the space-time domain studied
in [13–15]. In that experiment, a quasi-stationary pump pulse with a broad transverse cross-section was injected
in a first χ(2) crystal and the generated PDC light was imaged into an identical crystal tuned for the same phase-
matching conditions where the SFG process takes place. A perfect tuning between the two crystals allows the partial
reconstruction of the original pump beam through the inverse PDC process, i.e. SFG from conjugate mode pairs
[16]. In such a detection scheme, the SFG crystal is used as an ultra-fast optical correlator and we showed that the
coherent component of the SFG radiation is able to provide detailed information on the biphoton correlation function
characterizing the PDC source.
In this work we shall focus on the spatio-temporal properties of the incoherent component of the up-converted
PDC field. In addition to the SFG coherent process which leads to the reconstruction of the original pump beam, the
random up-conversion of photon pairs that do not belong to twin modes generates SFG radiation over a much broader
range of spatio-temporal modes. This incoherent process, though negligible compared to the coherent process as long
as the PDC source operates in a coincidence count regime [4], becomes relevant at high parametric gains, i.e when the
mean number of PDC photons per mode is larger than unity. We investigate the spatio-temporal properties of the field
produced through this incoherent process, showing how propagation effects inside the SFG crystal rapidly selects the
spatio-temporal modes undergoing the up-conversion process in a non-trivial way, leading to a coupling between the
spatial and the temporal frequencies. We shall demonstrate how the SFG incoherent spectrum displays a nontrivial
skewed geometry in the spatio-temporal frequency domain deriving from the interplay of group-velocity mismatch
(GVM) and spatial walk-off between the fundamental (PDC) field and the up-converted one (SFG radiation).
In Sec.I we illustrate the experimental scheme implemented for the measure of the spatio-temporal spectrum of
the up-converted PDC field. The theory developed in Sec.II, valid within the quasi-stationary plane-wave pump
approximation (PWPA), allows to obtain approximate expression for the coherent and the incoherent spectra and
provide a physical insight into the experimental observation. The results obtained from a 3D+1 numerical modeling
of the optical system are presented in Sec.IV and interpreted in the light of the PWPA theory. The results of the
experiment are reported in Sec.V.
I. SCHEME OF THE MEASUREMENT
The conditions of the experiment are similar to those reported in [16]. The PDC radiation is generated in a pulsed
regime with high parametric gain (g ≈ 9) by a type I BBO crystal pumped at 527.5nm (e-oo phase-matching). The
crystal is cut for collinear emission at the degenerate wavelength 2λ0 = 1055nm. The optical setup is shown in Fig.1.
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2The pump beam injected in the PDC crystal is a ∼ 1ps Gaussian pulse with a 500 micrometers transverse beam
waist. The pump is then subtracted with a glass filter (transmission bandwidth 750-1300nm) and the PDC field is
imaged at the entrance face of the SFG crystal where the up-conversion process takes place. The 4-f imaging device
is built with two achromatic parabolic mirrors rather than with lenses, in order to minimize dispersion between the
two crystals. As demonstrated in [11, 16], it is capable of reconstructing the PDC field at the SFG crystal input
face preserving both its amplitude and its phase over a very broad range of temporal and spatial frequencies. The
temporal and angular bandwidths are respectively on the order of ∆λ ∼ 600 nm and ∆α ∼ ±4◦.
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FIG. 1: (color online) Experimental setup for probing the PDC field via sum-frequency generation. The output face of the
PDC crystal is imaged at the input face of a second crystal, identical to the first, where the SFG process takes place. The
second crystal is mounted on a micrometric rotation stage that allows to change the phase-matching conditions in the up-
conversion process. The SFG far-field, obtained through the f-f lens system beyond the second crystal, is analyzed by an
imaging spectrometer.
The spatio-temporal features of the output field from the SFG crystal are analyzed in the far-field, by means of
of an imaging spectrometer (IS) that collects the photons in the focal plane of a 20 cm focal length lens. A CCD
camera (Roger Scientific) is placed at the very output of the spectrometer (LOT Oriel) in order to record the resulting
spectral images. (see Fig.1).
II. THEORY - SPECTRAL CHARACTERIZATION OF THE UP-CONVERTED PDC LIGHT
We introduce the theoretical framework that allows the interpretation of spectral measurements obtained from the
optical scheme illustrated in the previous section. A detailed derivation of the PWPA results illustrated in the next
subsection can be found in [10].
The results that follow hold in the limit where the PDC pump beam can be approximated by a monochromatic
plane-wave of frequency ω0 propagating along the z-axis direction, a condition which is roughly satisfied in our
experiment. The detailed treatment can be found in [10].
For the type I BBO used in our experiment, the pump is extraordinarily polarized while the down-converted field
is ordinarily polarized (e-oo phase-matching), so that the refractive index n0(θ
SFG
0 , λ) of the pump depends on its
direction angle with respect to the crystal axis θSFG0 , while the PDC field refractive index n1(λ) is isotropic. We
take into account the possibility that the two crystals are not perfectly tuned, i.e. we consider conditions where the
orientation angles of the two crystals with respect to the pump axis, denoted by θPDC0 and θ
SFG
0 respectively, are
slightly different. The reference k-vector of the extraordinary wave kcr0 = k0(θ
cr,Ω = 0) can thus differ in the first
(cr=PDC) and in the second crystal (cr=SFG).
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FIG. 2: (color online) Unfolded imaging scheme corresponding to the experimental setup shown in Fig.1. The PDC/SFG field
operators that transform according to the input-output relations (1) and (6) and the crystal orientation angles with respect to
the pump axis are indicated in the figure. The rotation ∆θSFG0 = θ
SFG
0 − θPDC0 applied to the second crystal with respect to
the first is exaggerated in the figure.
For briefness we shall use the shorthand notation ~w ≡ (~q,Ω) for denoting a Fourier mode of temporal frequency
ωj + Ω and transverse wave-vector ~q, with the reference frequencies ωj denoting either the pump frequency ω0 when
dealing with the extraordinarily polarized up-converted field, or the degenerate frequency ω1 = ω0/2 when dealing
with the ordinarily polarized PDC field. Within the plane-wave pump approximation (PWPA), the input-output
transformation for the PDC field operators is best written in the Fourier domain where it takes the simple form
b1(~w) = U(~w)a1(~w) + V (~w)a
†
1(−~w) , (1)
where b1(~w) and a1(~w) are the Fourier transform of the field operator envelopes (carrier frequency ω1 = ω0/2) at
the crystal input and output face respectively. The explicit expression of the gain functions U(~w) and V (~w) can be
found e.g. in [17, 18]. Here we notice that the dependence on the spatio-temporal frequencies ~w = (~q,Ω) occurs only
through the PWP phase-matching function
∆PDC(~w) = k1z(~w) + k1z(−~w)− kPDC0 (2)
where kPDC0 =
ω0
c n0(θ
PDC
0 ,Ω = 0) denotes the wave-number of the extraordinarily polarized plane-wave pump,
k1z(~w) =
√
ω1+Ω
c n1(ω)− q2 is the wavevector longitudinal component for the ordinary PDC mode ~w. All the
properties of the PDC light are described by the following second-order field correlation functions
〈b†1(~w)b1(~w ′)〉 = δ(~w − ~w ′)|V (~w)|2 (3a)
〈b1(~w)b1(~w ′)〉 = δ(~w + ~w ′)U(~w)V (−~w) , (3b)
In particular, the PDC spatio-temporal spectrum
SPDC(~w) ≡ |V (~w)|2 = g2 sinh
2[Γ(~w)lc]
Γ2(~w)l2c
(4a)
Γ(~w)lc =
√
g2 − [∆
PDC(~w)lc]2
4
, (4b)
gives the PDC photon number distribution in the spatio-temporal frequency domain. The dimensionless parametric
gain g, proportional to the pump amplitude, the PDC crystal length lc and the effective χ
(2) coefficient, determines
the number of photons sinh2 g for perfectly phase-matched mode, for which ∆(~w) = 0.
The other quantity of interest is the spectral probability amplitude (also called biphoton amplitude) of down-
converting a pair of photons in the phase-conjugated modes ~w and−~w
FPDC(~w) ≡ U(~w)V (−~w) = geik0lc sinh Γ(~w)lc
Γ(~w)lc
{
cosh Γ(~w)lc + i
∆PDC(~w)
2Γ(~w)
sinh Γ(~w)lc
}
. (5)
For the PDC gain considered in the experiment, only a small fraction of the injected PDC light is up-converted in
the second crystal through SFG, and the propagation equation describing the SFG process can be solved accordingly
within a perturbative approach. We obtain in this way the following expression linking the operators of the SFG field
at the crystal output plane, d0(~w), to those of the PDC field imaged at the input plane, c1(~w):
4d0(~w) = e
ik0z(~w)l
′
c
[
c0(~w)−
∫
d~w ′
(2pi)3/2
c1(~w − ~w ′)c1(~w ′)FSFG(~w − ~w ′, ~w ′)
]
, (6)
where l′c denotes the SFG crystal length, the input envelope operator c0 at the career frequency ω0 is taken in the
vacuum state (it is assumed that the PDC pump field is completely subtracted by the glass filter shown in Fig.1),
and
FSFG(~w, ~w
′) = σl′ce
i
∆(~w,~w ′)l′c
2 sinc
∆(~w, ~w ′)l′c
2
, (7a)
∆(~w, ~w ′)l′c = [k1z(~w) + k1z(~w
′)− k0z(~w + ~w ′)]l′c, (7b)
is the probability amplitude density describing the SFG process: its square modulus is proportional to the probability
for a pair of photons in the fundamental mode ~w ≡ (~q,Ω) and ~w′ ≡ (~q′,Ω′) to be up-converted into the second-
harmonic mode ~w + ~w′ ≡ (~q + ~q′,Ω + Ω′). This up-conversion probability is non negligible only for those mode pairs
for which the phase-mismatch ∆(~w, ~w ′)l′c accumulated in the SFG crystal is sufficiently small. Both the coupling
constant σ in Eq.(7a), and the PDC parametric gain g are proportional to the effective χ(2) coefficient of the crystal
for the chosen phase-matching conditions [10].
In Ref.[10] we show that the power spectrum 〈d†0(~w)d0(~w)〉 of the up-converted SFG field evaluated at the output
face of the SFG crystal can be written as the sum of a coherent and an incoherent component, the former being given
by
〈d†0(~w)d0(~w)〉coh
=
∣∣∣∣δ(~w)∫ d~w ′(2pi)3/2FPDC(~w ′)FSFG(~w ′;−~w ′)
∣∣∣∣2 , (8)
while the incoherent component is defined through the relation
〈d†0(~w)d0(~w ′)〉inc = δ(~w − ~w ′)S incSFG(~w) (9a)
S(inc)SFG (~w) = 2
∫
d~w ′
(2pi)3
SPDC(~w − ~w ′)SPDC(~w ′)|FSFG(~w − ~w ′; ~w ′)|2. (9b)
The coherent SFG component (8) originates from the up-conversion of pairs of phase-conjugate PDC modes, ~w and
−~w, into the original plane-wave pump mode ~w = 0, that leads to the partial reconstruction of the original coherent
pump beam [8, 16]. The efficiency of this coherent process is indeed determined by the PWP phase-matching function
inside the the SFG crystal, i.e.
∆SFG(~w) ≡ ∆(~w,−~w) = k1z(~w) + k1z(~w)− kSFG0 (10)
It has been demonstrated in previous works, both theoretically [10] and experimentally [11, 12], that the whole
X-shaped structure of the PDC correlation function in the space-time domain can be retrieved by monitoring the
coherent SFG component while performing a careful manipulation of the spatial and the temporal degrees of freedom
of the PDC field between the two χ(2) crystals.
We shall now focus on the incoherent component of the spectrum (9b), the main target of our investigation, which
derives from the up-conversion of pairs of photons which do not belong to phase-conjugate modes and give rise to the
speckle-like background observed in the experiments reported in Refs.[11, 12, 16]. As it can be inferred from Eq.(9b),
it reduces to the self-convolution of the PDC spectrum in the limiting case where the SFG crystal is extremely
thin, since the SFG probability amplitude FSFG can be replaced by unity under the integral sign in Eq.(9b) when
l′c  lc. We shall verify, however, that propagation effects inside the SFG crystal become relevant as soon as realistic
lengths of the SFG crystal are considered, giving the SFG incoherent spectrum a peculiar skewed geometry in the
spatio-temporal frequency domain, thus highlighting the role of interplay between space and time.
III. EVALUATION OF THE INCOHERENT SFG SPECTRUM
More insight about the structure of the incoherent spectral component (9) can be gained by close inspection of
the phase-matching functions in the SFG crystal (7b). With this goal in mind, we separate the longitudinal k-vector
component of the ordinary PDC field k1z(~w) =
√
k21(Ω)− q2 into its even and odd parts
k1z(~w) =
k1z(~w) + k1z(−~w)
2
+
k1z(~w)− k1z(−~w)
2
(11)
5We notice that the even part can be expressed in terms of the PWP phase-matching function (2)
k1z(~w) + k1z(−~w)
2
=
∆PDC(~w)
2
+
kPDC0
2
(12)
while the odd part can be expanded in odd powers of q and Ω
k1z(~w)− k1z(−~w)
2
= k′1Ω +
1
6
k′′′1 Ω
3 +
k′1
2k21
q2Ω + . . . (13)
where we used the shorthand notations k1 ≡ k1(Ω = 0), k′1 = dk1/dΩ|Ω=0, k′′1 = d2k1/dΩ2|Ω=0, etc. and we took
into account the independence of the PDC dispersion relation k1(Ω) =
ω1+Ω
c n1(Ω) on the propagation direction (i.e.
on the transverse wave-vector ~q). By neglecting the cubic terms in Eq.(13) (the third order dispersion and the term
∝ q2Ω), the SFG phase-matching function that enters into the incoherent spectrum expression (9b) can be cast into
the form
∆(~w ′, ~w − ~w ′) ≈ Dinc(~w) + 1
2
{
∆PDC(~w ′) + ∆PDC(~w − ~w ′)} , (14)
with
Dinc(~w) = kPDC0 − k0z(~w) + k′1Ω . (15)
This result is very useful because it allows us to rewrite the incoherent SFG spectrum (9b) in the form
S(inc)SFG (~w) ∝
∫
d~w ′
(2pi)3
SPDC(~w − ~w ′)SPDC(~w ′) (16a)
×sinc2 1
2
{
Dinc(~w)l′c +
l′c
2lc
[
∆PDC(~w ′)lc + ∆PDC(~w − ~w ′)lc
]}
(16b)
≈ sinc2
[Dinc(~w)l′c
2
] ∫
d~w ′
(2pi)3
SPDC(~w − ~w ′)SPDC(~w ′) (16c)
The last expression involves a rather rough approximation based on the observation that the presence of SPDC(~w)
and SPDC(~w − ~w ′) under the integral in Eq. (16b) forces ∆PDC(~w ′)lc ≈ 0 and ∆PDC(~w − ~w ′)lc ≈ 0 in the whole
integration region, due to the fact that the PDC spectrum is strongly peaked around the region where phase-matching
occurs. Strictly speaking it should be valid only in the limit lc  l′c, however it turns out to give a good description
of the SFG spectrum also when the two crystals have similar lengths.
Assuming the validity of this approximation, the SFG spectrum takes thus the factorized form
S(inc)SFG (~w) ≈ W(inc)SFG (~w)V(inc)PDC(~w). (17)
where the first factor
W(inc)SFG (~w) = (σl′c)2sinc2
Dinc(~w)l′c
2
, (18)
describes the effect of propagation in the SFG crystal and determines the overall shape of spectrum. The second
factor, which does not depend on the SFG crystal parameters,
V(inc)PDC(~w) =
∫
d~w
(2pi)3
SPDC(~w − ~w ′)SPDC(~w ′) (19)
is the self-convolution of the PDC spectrum given by Eq.(4) and acts only as a slow modulation. This can be clearly
seen in the numerical example of Fig.3, which shows the functions in play in the (qx,Ω) plane (along the walk-off
direction) in the case of two type I BBO crystals aligned for collinear phase-matching at degeneracy. The first plot
shows the PDC spectrum with its characteristic bandwidths qD and ΩD (see the discussion at the end of this section).
The second plot is the self-convolution of such a spectrum, i.e. the function V(inc)PDC(~w) appearing in the SFG spectrum
in Eq.(17). The third plot displaysW(inc)SFG (~w) with the corresponding bandwidth qSW and ΩGVM . The last plot shows
the SFG spectrum evaluated from the full expression (9b), without using the factorized approximation (17). It indeed
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FIG. 3: (color online) Density plots of (a) the PDC spectrum SPDC(~w), the functions (b) V(inc)PDC(~w), (c) W(inc)SFG (~w) and the
incoherent SFG spectrum SSFG(~w)in the (qx,Ω)-plane. The PDC and SFG crystal lengths are respectively lc = 4000µm
and l′c = 1000µm, the PDC parametric gain g = 9.3, ∆
PDC
0 = ∆
SFG
0 = 0. The dashed gray zone indicates the box-shaped
frequency filter used in the simulation to select a temporal PDC bandwidth of ∼ 1015Hz. (lc = 4000µm, l′c = 1000µm, g = 9.3.
θSFG0 = θ
SFG
0 = 23
◦)
demonstrates that the SFG spectrum is roughly the product of the functions V(inc)PDC and W(inc)SFG , in agreement with
Eqs.(17)-(19), and that the shape of the spectrum is mainly determined by the function W(inc)SFG (~w).
We thus see that the spectrum in the (qxΩ)-plane has a skewed cigar-like shape. In the full 3D Fourier domain this
corresponds to a volume centered around a skewed surface Σ determined by the region in (~q,Ω)-space whereW(inc)SFG (~w)
takes its maximum value, i.e.
Σ : Dinc(~q,Ω) = 0. (20)
A closer insight can be gained by exploiting the following approximation for the longitudinal k-vector component of
the ordinary and extraordinary fields
k1z(~q,Ω) ≈ k1 + k′1Ω +
1
2
k′′1 Ω
2 − q
2
2k1
, (21a)
k0z(~q,Ω) ≈ kSFG0 + k0 ′Ω +
1
2
k0
′′Ω2 − ρ0 qx − q
2
2kPDC0
, (21b)
where the walk-off angle ρ0 = −∂k0/∂qx and the k-vector derivative k′0 and k′′0 of the extraordinary field are meant
to be evaluated at Ω = 0 along the optical axis z (the x-axis is taken along the walk-off direction). By substituting
Eq.(21b) into Eq.(15) we obtain the approximated expression
Dinc(~q,Ω)l′c ≈ (kPDC0 − kSFG0 )l′c +
qx
qSW
− Ω
ΩGVM
+
l′c
2kSFG0
q2 − k
′′
0 l
′
c
2
Ω2. (22)
where
ΩGVM =
1
(k′0 − k′1)l′c
, qSW =
1
ρ0l′c
, (23)
determines the widths of W(inc)SFG (~q,Ω) in the spatial and temporal frequency domains respectively, as indicated in the
example of Fig.3c. For small q and Ω the linear terms in Eq.(22) are the dominant ones: they describe the effect
of GVM and spatial walk-off between the PDC and SFG fields in the incoherent up-conversion process, q−1SW and
Ω−1GVM giving respectively the typical transverse separation and the time delay between the ordinary (PDC) and the
extraordinary (SFG) fields after a propagation distance equal to the SFG crystal length l′c.
Neglecting the quadratic terms with respect to the linear ones, the surface Σ is close to the skewed plane
Σ′ :
qx
qSW
=
Ω
ΩGVM
− (kPDC0 − kSFG0 )l′c (24)
Notice that the constant term, as we shall see in the next section, is non vanishing only when the two crystals are
tuned for different phase-matching conditions. We see from relation (24) that incoherent upconversion from PDC
7occurs only for those spatio-temporal modes for which the GVM between the fundamental and the up-converted light
is compensated by their spatial walk-off.
We conclude this section by observing that, using the same quadratic approximation (21), the phase-matching
function in the PDC crystal can be written as
∆PDC(~q,Ω)lc = (2k1 − kPDC0 )lc +
Ω2
Ω2D
− q
2
q2D
, (25)
where the introduced bandwidths associated with GVD and diffraction
ΩD =
√
1/k′′1 lc, qD =
√
k1/lc, (26)
give an estimate of the spectral widths of both SPDC(~w) and V(inc)PDC(~w) along the temporal and the spatial frequency
axes respectively (as indicated in the plot of Fig.3a). Unless the SFG crystal is extremely thin, the typical variation
scale (qSW , ΩGVM ) of W(inc)SFG (~w) are much shorter than (qD, ΩD) (see Fig.3a,c). This is the reason why the self-
convolution of the PDC spectrum (19) acts as a slow modulation, on the scales (qD, ΩD), while V(inc)PDC(~q,Ω) defines
the overall shape of the incoherent spectrum. More precisely, we find thatW(inc)SFG (~w) becomes narrower than V(inc)PDC(~w)
for
qSW < qD ←→ l′c >
√
lc
k0
ρ0 ≈ 150µm (27)
in the spatial frequency domain, and for
ΩGVM < ΩD ←→ l′c >
√
k′′0 lc
k′0 − k′1
≈ 360µm (28)
in the temporal frequency domain, the given numerical values being estimated for the 4mm type I BBO crystal used
in our experimental setup. For l′c exceeding those values, spatial walk-off and GVM becomes the dominant processes
affecting the SFG incoherent emission, as the ratio qSW /qD and ΩGVM/ΩD decrease below unity scaling as 1/
√
l′c.
IV. INCOHERENT SPECTRUM VS SFG CRYSTAL LENGTH AND ANGULAR TUNING
In this section we give an overview of the incoherent spectrum behaviour with respect to different phase-matching
conditions in the SFG crystal, obtained by changing either its length or its relative orientation with respect to the
PDC crystal. The numerical results are obtained with a full 3D+1 modeling of the experiment [11, 12, 16] in order
to achieve a realistic description of the optical system.
The generation of the broadband PDC field is described by stochastic simulations in the framework of the Wigner
representation (see e.g. [10, 17]), which take into account both the finite cross section and duration of the pump pulse
and the phase-matching conditions inside both crystals (the Sellmeier dispersion relation for the BBO crystal found
in [19] are used). The waist and the duration of the injected Gaussian pump pulse are respectively wp = 500µm and
τp = 1ps, the PDC gain parameter g ≈ 9 corresponds to a pulse energy close to 350µJ. We verified that the PWPA
model provides similar results for the chosen pump parameters.
Figure 4 shows the evolution of the SFG spectrum for increasing lengths of the SFG crystal l′c. In each single
stochastic realization the incoherent component of the spectrum appears as a speckle-like pattern 1 (see [10] for
more details), while the PWPA result (9) provides the mean value of the spectrum (see e.g. Fig.3d). When the
SFG crystal is sufficiently thin, as in Fig.4a, conditions (27) and (28) are not satisfied and both spatial walk-off and
GVM are almost ineffective. In this limit the SFG incoherent spectrum reproduces the shape of the PDC spectrum
self-convolution (19) in agreement with the PWPA model result presented in the previous section (this can also be
inferred by comparing Fig.4a and fig.3b). By increasing l′c, we find the predicted transition to the much narrower
cigar-shaped spectrum skewed in the walk-off plane, close to the PWPA result shown in Fig.3d [its orientation in the
(qx,Ω)-plane is given by Eq.(24)].
1 Ensemble averages performed by repeating the simulation would provide the correct quantum mechanical mean values for the spectrum
in the framework of the Wigner representation as described e.g. in [17]. However, the required CPU time would be prohibitive and
would not add more insight to the description.
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FIG. 4: (color online) SFG spectrum in the (qx,Ω)-plane as obtained from the 3D+1 model for same parameters as in Fig.3. The
central peak at (qx = 0,Ω = 0) corresponds to the coherent component of the spectrum. The speckled incoherent component
from a single pump pulse displays a distribution similar to that obtained with the PWPA model in Fig.3. Both crystal are
oriented for collinear phase-matching at degeneracy, τp = 1ps, wp = 500µm, g = 9.3, lc = 4000µm.
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FIG. 5: (color online) SFG spectrum in the (qx,Ω)-plane (parallel to the walk-off plane) for different mistuning of the SFG
crystal ∆θSFG0 obtained with the 3D+1 model. The simulation parameters are l
′
c = lc = 4000µm, g = 9.3, wp = 500µm,
τp = 1ps. The plots of Σ (solid red line) and Σ
′ (dashed red line) are evaluated from Eq.(20) and Eq.(24) respectively.
Notice also that the 3D+1 model includes the coherent component of the SFG spectrum: the narrow peak centered
at (~q = 0,Ω = 0), clearly visible in the surface plots (bottom panel), corresponds indeed to the coherent reconstruction
of the original pump pulse predicted by the PWPA theory [see Eq.(8)]. For a narrow band pump field spectrum,
the coherent peak height is more than four order of magnitude larger than the widely spread incoherent component.
For this reason the plots in Fig.4 have been truncated to 0.05% of the coherent peak value in order to display the
incoherent component distribution. An analytical estimation of the visibility of the coherent SFG component against
the incoherent contribution as a function of the pump beam parameters and the PDC gain will be given elsewhere
[20].
We investigated the effect of a small tilt angle of the SFG crystal with respect to the PDC crystal. The PDC
crystal is oriented for collinear PM as in the previous examples, while the SFG crystal is tilted by the angles (a)
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FIG. 6: (color online) SFG spectrum in the (qy,Ω)-plane (orthogonal to the walk-off plane) for the same parameters in Fig.5a
∆θSFG0 = −0.5◦,(b) ∆θSFG0 = 0◦ and (c) ∆θSFG0 = +0.5◦. Figures 5 and 6 show the SFG spectrum obtained with the
3D+1 model, evaluated respectively in the plane parallel and orthogonal to the walk-off direction. As illustrated in
the next section, this corresponds to the two possible configurations of the imaging spectrometer (IS) implemented in
the experiment, the first providing a measure of SSFG(qy = 0, qx,Ω), the second a measure of SSFG(qy, qx = 0,Ω). In
the first configuration where SSFG(qy = 0, qx,Ω) is displayed, the incoherent spectrum is skewed in the (qx,Ω)-plane
along the direction direction of Σ′ (red dashed line in the density plots), as predicted by the PWPA model (24). In
the second case, where spatial walk-off does not play any role, the temporal frequencies of the incoherent component
have the same offset ≈ ∆Ωinc from pump frequency for a large range of qy spatial frequencies. This offset is roughly
given by ∆Ωinc ≈ k
PDC
0 ρ0
k′0−k′1 ∆θ
SFG
0 as can be inferred by setting qx = 0 into Eq.(24). Accordingly, the central wavelength
of the incoherent component is
λinc ≈ λ0 − n0ρ0λ0
c(k′0 − k′1)
∆θSFG0 . (29)
The red solid line shown in the figures corresponds to the more precise relation between the spatial and temporal
frequencies given by Eq.(20), which includes the slow varying quadratic terms. The latter are responsible of a slight
concavity of the surface Σ toward shorter wavelengths, a feature which fits well the shape of the incoherent spectrum
obtained with the 3D+1 model over a broad range of spatial frequencies (see in particular Fig.6a).
It is worth noticing that the coherent SFG component rapidly decreases with the mistuning between the two
crystals, while the incoherent peak remains almost unaffected. This behaviour is shown in Fig.7, where the number of
photons of the two components are plotted as a function of ∆θSFG0 . The coherent up-conversion process, in contrast
to the incoherent process, is indeed strongly phase-sensitive and rapidly loose efficiency when the two crystals are not
perfectly tuned. As shown in [10], the number of coherent SFG photons is reduced by about a factor 10 when the tilt
angle ∆θSFGc exceeds the critical value
∆θSFGc =
2
√
pi2 + g2
ρ0k0l′c
, (30)
which is close to 0.25 degree for the chosen BBO parameters (g = 9.3, l′c = 4mm). Despite that, even for a tilt angle
as large as one degree (see Fig.7) the intensity of the coherent component remains significantly larger than that of
the incoherent component due to concentration of all the coherent SFG photons in a single mode corresponding to
the original pump (which is strongly focused in the Fourier domain).
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FIG. 7: Number of photons in the coherent and in the incoherent components as a function of ∆θSFGc as obtained with the
3D+1 model. The PDC parameters are the same as in the previous figures.
V. EXPERIMENTAL RESULTS
The aim of the experimental work was to characterize the spatio-temporal far-field spectrum (in the (λ, α) plane)
of the SFG radiation, and to verify the predicted behaviour of the incoherent component as a function of the angular
mistuning between the PDC crystal and the SFG crystal. To this end the output radiation from the SFG crystal was
analyzed by means of an imaging spectrometer (grating with 600 lines/mm), whose entrance vertical slit (with respect
to the optical bench) was placed in the Fourier plane of a 20 cm focal length lens. The spectra were recorded in the
walk-off plane and in the plane orthogonal to walk-off. Because of the geometry of our system and the crystal axis
orientation, the vertical plane in the laboratory frame corresponded to the plane orthogonal to walk-off. In order to
detect the spectra in the walk-off plane, the radiation reconverted from the SFG crystal was tilted by 90 degrees by
means of two mirrors aligned in a periscope configuration.
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FIG. 8: (color online) Top: SFG far-field spectrum measured from a single pump shot with the IS slit selecting photons emitted
(a) in the walk-off direction and (b) orthogonal to the walk-off direction. The two crystals are perfectly tuned with ∆θSFG0 = 0.
Bottom: results of the 3D+1 numerical simulation implemented with the same parameters of the experiment.
The upper panel reported in Fig.8 (gray scale plots) shows typical single shot spectra of the SFG radiation recorded
(a) in the plane parallel to walk-off and (b) in the orthogonal plane. The central coherent peak in the collinear
direction is evident, and the features of the incoherent component in the (λ, α)-plane are in agreement with the
theory. The bottom panel shows the corresponding spectra obtained with the 3D numerical model. The experimental
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spectra exhibits the skewed geometry predicted by theory, which originates from the compensation of spatial walk-off
and GVM.
Figure 9 illustrates the behaviour of the SFG spectrum when the second crystal is rotated with respect to the first
one by an angle ∆θSFG0 ; in particular it reports the SFG spectrum in the two different configurations by varying the
tuning angle from −2◦ up to +2◦ by steps of 0.5◦. Fig.10 displays a more detailed comparison between the theory and
the experiment: the square symbols with the error bar reports the central wavelength of the incoherent component
along the collinear direction (~q = 0). The solid line in the same figure is obtained from the PWPA model by solving
numerically the equation Dinc(~q = 0,Ω) = 0 for different tuning angles ∆θSFG0 , Dinc(~w) being given by Eq.(15). The
agreement between theory and experiment is very good although not perfect, especially at large mistuning angles.
However, such a quantitative agreement between theory and experiment is beyond the scope of this work, whose goal
is mainly to demonstrate the characteristic geometry of the spectrum of the SFG light originating from incoherent
upconversion of PDC light.
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FIG. 9: SFG far-field spectrum measured with the imaging spectrometer for different tuning angles ∆θSFG0 of the SFG crystal
(the values are indicated at the figure top). The SFG radiation is recorded by the CCD after integration over 5 laser pump
shots for each value of ∆θSFG0 .
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FIG. 10: Plot of the measured central wavelength λinc of the incoherent component along the collinear direction for the
applied values of the angular mistuning ∆θSFG0 (square symbols). The solid line is obtained from the PWPA model by solving
numerically Eq.(20) with respect to Ω (at ~q = 0) by varying the value of ∆θSFG0 .
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VI. CONCLUSIONS
In this work we investigated the up-conversion process of broadband PDC radiation, focusing on the spatio-temporal
spectral properties of its incoherent component.
We have shown that as soon as the SFG crystal is longer than a few hundreds micrometers, the phase-matching
mechanism selects the spatio-temporal frequencies of the incoherent SFG radiation in a non trivial way: the spectrum
is characterized by a skewed cigar-like shape in the spatio-temporal Fourier domain which derives from the interplay of
group-velocity mismatch and spatial walk-off between the PDC field and the SFG field. As for many other nonlinear
optical processes, these features are a manifestation of the space-time coupling that occurs because of phase-matching.
We can cite the closely related examples of the skewed coherence along space-time trajectories predicted in three and
four-wave mixing processes [23] and of the X-shaped spatio-temporal coherence of twin beams [21]. Other relevant
examples are the X-shaped quantum correlation in space-time of twin beams [11–15] and the macroscopic X-waves
generated in quadratic media [24] or in four-wave mixing process related to a cubic nonlinearity [22].
It is only in the limit where the SFG crystal is extremely thin that the generated SFG intensity is simply proportional
to the square of the injected PDC intensity. This limit corresponds to situations in which phase-matching in the
second-crystal does not play a significant role, so that the SFG spectrum coincides with the self-convolution of the
PDC spectrum.
We have also studied the behaviour of the SFG spectrum with respect to small angular mistuning between the PDC
and the SFG crystals. For increasing values of the angular mistuning, we observe a progressive displacement of the
incoherent spectrum with respect to the wavelength of the coherent peak, a property which could provide a useful
tool for optimizing the visibility of twin beam correlation measurements.
These results have been illustrated by means of a semi-analytical and a numerical model of the optical system, and
have been fully confirmed by the experimental measurements.
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